
11. Numerical data used in the simulation of the distillation column KT = (-1.107 -0.520 -4.032) 
(Example V) 

Filter gain used to obtain Fig. 11: 
KT = (-1.354 -0.646 -5.S58) 
for V, = diag(0, 0, 3.8), V2 = .123 
Filtvr gain used to obtain Fig. 12: 
KT = (-0.081 -1.614 -5.020) 

for V, = diag(0, 0, 3.8), V, = ,123 
KT = (-0.044 -0.023) 
for V, = diag(0.001, 0.001), V, = ,123 
Filter gains used to obtain Fig. 14: 
KT = (-4.393 -2.338) 
for V, = diag(0.1, 'J.l), V, = ,123 

for V, = diag(0, 0, 3.1), V z  = ,123 
Filtrr gain used to obtain Fig 13. 

Munrrxript receined February 6, 1979, revision reaeiced August 24, and accepted 
August 27, l Y 7 Y .  

Statistical Analysis of Constrained Data 
Sets 

Practical, comprehensive computer-based methods for analyzing data sets are  
developed. Methods for calculating data  adjustment, parameter  values, 
variance-covariance of adjusted data and parameters and for detecting aberrant 
data are  presented. A simple calculation algorithm and application of the methods 
for design of experimental measurements are  proposed. 
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Least squares analysis, commonly used to fit regression 
equations to sets of experimental data, also provides powerful 
techniques for analyzing the measured data themselves, when 
these data can be interrelated through constraining physical 
laws. Least squares parameter estimation problems are  typi- 
cally "parameter-rich in the sense that the data set is con- 
strained by a single regression equation. (In this article, the 
term "parameter" is used in the engineering sense of a quantity 
to be estimated from other data, rather than in the statistical 
sense, wherein it applies to all estimated quantities.) 

In another frequently met situation of particular interest in 
this work, a large set of data is interrelated by physical laws 
such as heat balances, material balances or  kinetic equations. 
This situation may be thought of as being "comtraint-rich", and 
is typical of many laboratory experiments, pilot unit tests, and 
commercial unit performance tests. Constraints, together with 
estimates of the variances of the measured data, can be used to 
adjust data to more accurate values and to draw conclusions 
about their credibility. 

The data estimation techniques discussed here greatly facili- 
tate analysis of constrained data sets by providing maximum 
likelihood estimates of the meawred data and any parameters, 
by assessing the probability that there a re  extraordinary er- 
rors, and by  providing error  information about the calculated 
quantities for use in subsequent analysis. Further, the tech- 
niques can be used to develop experiments producing data with 
improved accuracy. The method can be thought of as an exten- 
sion of the averaging process to situations, in which each mea- 
sured quantity may enter into one or a number of physical 
constraints, and by which alternative values can be inferred. It 
can be applied, if necessary, to detect gross measurement 
errors and to isolate any such by using data redundancies, 
much as a skilled analy$t would. And, replicates or  near repli- 
cates are  not required to judge credibility of the data values. 

The net effect can be significantly increased efficiency of 
experimentation, offering the happy choice of either obtaining 
more accurate data for a given cost, o r  of achieving the same 
accuracy in the final results with less experimental cost. Be- 

cause the techniques a re  general, they can handle data sets 
described as a typical linear or  nonlinear regression problem, a 
parameter-free data adjustment problem, or  any combination 
of these. 

The basic data correction algorithm was first derived for and 
applied to surveying problems (Demming 1946). Data adjust- 
ment techniques were applied in the chemical engineering 
literature by Kuhn and Davidson (1961). They handled non- 
linear problems, but did not address either estimates of the 
error  in the adjusted data, o r  criteria for assessing consistency 
of the measured data set. 

Gross errors in measured data, if undetected, tend to be 
spread out among the calculated adjustments to the measured 
data. Ripps (1967) considered the possibility of gross measure- 
ment error  and suggested an algorithm for computing data 
adjustments when gross errors a re  suspected. Nogita (1972) 
added an univariate statistical criterion for judging the proba- 
bility that a blunder exists in the data set. The specific case of 
simultaneous chemical reactions has been discussed, with em- 
phasis on computational aspects, by Murthy (1973, 1974). 

Madron et  al. (1977) also address simultancous chemical 
reactions. Of Darticular note in their work is the multidimen- 
sional chi-square test used to test for consistency of measured 
values, and the calculation of the variance-covariance matrices 
for all estimated data. A chi-square test can, however, be 
applied to the general data adjustment problem, both in detect- 
ing gross measurement error  and in locating likely aberrant 
measurements. Further, unnecessary restriction is placed on 
the applicability of the test in their work. In good treatment of 
the general estimation problem, Britt and Leucke (1973) calcu- 
lated the error  structure of estimated parameters and placed 
special emphasis on parameter estimation in nonlinear prob- 
lems. 

This study attempted to develop practical and comprehen- 
sive computer based tools for analyzing data sets and planning 
of experimental measurements. Essential elements include the 
ability to handle general linear and nonlinear cases, estimates 
of the variance of and covariance between all estimated data, 
generally applicable methods for detecting inconsistency in the 
measured data set and for isolating any aber ran t  mea- 
surements, and efficient methods of computation. 
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CONCLUSIONS AND SIGNIFICANCE 
In  the present work, the data adjustment and parameter 

estimation equations a r e  developed from the theory of 
generalized inverses. Within this framework the data adjust- 
ment equations can be developed simply while showing clearly 
the roles of parameters and measured data in the solution of 
the problem. The convergence of nonlinear problems is 
examined, and a n  efficient computational algorithm is 
suggested. 

Variance-covariance matrices for the calculated param- 
eters, the adjusted data, and covariance between the two are  
developed. These matrices a re  shown to be useful in deciding 
the value of additional experimental measurements toward 

increasing accuracy. I n  addition, a multivariate chi-square test 
is described which allows a check for discrepancies in the 
constraints that a re  inconsistent with the variance-covariance 
matrices of the measured data. Calculation of the chi-square 
test statistic is independent of the class ofprohlem and removes 
an unnecessary restriction on whether certain estimated quan- 
tities are measured or are estimated only from other measured 
values and the set of constraints (Madron et al. 1977). 

Other tests, including the powerful chi-square test, a re  de- 
veloped for spotting data items which may be grossly in error. 
Simple numerical examples a re  presented to illustrate the use 
of the techniques. 

DERIVATION OF THE ALGORITHM 

The techniques are based on adjusting a set of measured data 
to satisfy a set ofconstraints, which will usually be physical laws 
interrelating thecdata. That is, we wish to develop aAset of 
adjusted values, 2, which s$fy the vector equation F(Z) = 0, 
where F is anm-vector and Zis an n-vector ofadjusted measured 
values. It may also be necessary to estimate a set of parameters 
from the data set. InA this case, the preceding set of vector 
equations becomes F(Z,8) = 0, where 0 is a p-vector of paran-  
eters. The sizes of the vectors Z, F and B are related by 
n 2 m > p 3 0. 

Initially the constraints will not he satisfied exactly due to 
error in the measured data values, and we have 

F(Zo,&) = Fo (1 1 

where the subscript 0 identifies measured datavalues in the case 
ofZ, initial estimates of the parameter values, and the resulting 
discrepancies, Fo. Since the constraint equations may be  non- 
linear, we expand Eq. (1) about Z,) and 8, and project the result 
to F(Z,, 8,) = 0. Anticipating the need for an iterative solution for 
nonlinear problems, we replace the subscripts 0 arid 1 in the 
linear approxiination by the iteration counters i f 1  and i to 
obtain 

F2(Zj+l-Zj) + FO(Bj+l - 8,) = - F ;  ( 2 )  

Here F ,  and FB denote the m.n and m.p matrices resulting from 
differentiating F with respect to Z and 0, and evaluating the 
results at Zi and Or. 

Since we are interested in minimizing the amount of correc- 
tion to the ineasuredvalues, Zi+,  - Zo, Eq. (2) is rewritten in the 
form 

F:(Z,+l-ZO) + Fs(Oi+i-Oi) = - F ,  + Fz(Zi-Zo) (3) 

Note that the right-hand side is a linear approximation to -F(Zo, 
Oi). Now the data adjustment, Z,+ I -Zo, and the discrepancies, Fi 
are normalized, using the variance-covariance matrix of the 
measured data, R = { CT)~},,.,,, and the variance of the discrepan- 
cies due to measurement error, F,RFZT.* It is assumed that R is 
known, although in practice the elements ofR will most often he 
estimated hy  sample variances. We now define d,+l = D 
(Zt+l-Z, , )  and$ = H F i ,  where DTD = R-' and HTH = (F,RF,T)-'. 
D and H are upper triangular matrices (Lapidus 1962). Sub- 
stituting for Z and F using thcse definitions and multiplying the 
eqnation through by H gives 

HF,di+, + HFO(B,+I - 8j) = -fi + HF:D-'d, (4) 

Initially, the right-hand side of Eq. (4) is equal to -AJ = HF 
(Z", Bo) ,  and is distributed approximately as W(0,I).  The quantity 

dTd, is recognized as the scalar (Zi+, - ZJR-'  
reduces to 

- &), which 

when there is no covariance among the measured data values. 
We seek to solve Eq. (4) according to the following strategy: 

(1) Choose the parameters so as to minimize the euclidian norm 
, (1 -5 + HF,D-'d, - HFO(8i+, - 8i) l l~, and then (2) calculate di+l 
such that Ildi+lllE is minimized. More simply stated, this is: 
Calculate the parameters in such a way that a least squares fit of 
fo is obtained, and then compute the least squares adjnstment of 
the measured data as weighted by the inverse of the variance in 
the data. 

The theory of generalized inverses provides an interesting 
route to the solution of the problem (Pearson 1974). Consider a 
system of m equations in n unknowns,AX = K ,  with A an m.n 
matrix of coefficients, X an n vector to be calculated, and K a 
constant m-vector. If a solution exists, it is given by X = ACK 
(I - AtA) + C, where C is arbitrary. Here A+, an n.m matrix, is 
termed the generalized inverse ofA. LetA be of rank r. If m=r,  
then At = AT(AAS]-I; while if n = r ,  then At = (ATA)-'AT. If a 
solution exists (n 3 m), X = A f K  is the solution ofleast euclidian 
norm. If a solution does not exist (n < m), then X = A+K is the 
least squares approximation to K .  

\Ire see that the second situation fits with the strategy for 
evaluating the parameters, while the first corresponds to the 
plan for evaluating the adjustments to the measured data. \Ye 
have for the parameters: Bi+, - 0; = (HFO)+  (-5 + HF,D-'di). 
After constructing the indicated generalized inverse, defining 
v = (F,RFr)-' and expressing the result in terms of Z and'F we 
find 

or+, - Bi = (F;QF,J1F;Q( -Fr  + F,(Zj - Z,)} (5) 
Inserting this result in Eq. (4), solving for di+, by means of the 
generalized inverse of HF,D-', and returning to the variables Z 
and F ,  we obtain 

Zi+l - 2 0  = RFsQ[I-F,(FTBQFB)-' F;Q] 
{-Pi + FAZi - ZO)} (6) 

Eqs. (5)  and (6) have been derived by many investigators using 
the method of Lagrange multipliers. They are exact for linear 
problems, providing the maximum likelihood estimates for Z 
and 8, while satisfying all constraints without iteration. In non- 
linear problems, an iterative procedure with periodic re- 
evaluation of F, and FB is required, and the resulting estimates of 
Z and 8 will b_e biased. Once the calculations have converged, 
Z,,, hecomes Z ,  and Bi+,  is identified as 8. Necessary conditions 
for the existence of the inverses appearing i n  Eqs. (5) and (6) 
have been discnsscd (Britt and Leuckc 1973). 
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For (HF,)+ and (HF,D-')+ to exist as defined above, FB must 
be of rank p, and F ,  of rank m. In complex problems it is often 
dlmcult to specify an independent set of constraints. Twenty 
constraints, 30 measured variables, and 10 parameters can easily 
be involved in balances around chemical pilot plants or com- 
mercial process units. Hence, at the expense of additional com- 
pptation, computer runs can be saved by the fact that the 
generalized inverse of an n m  matrix A of rank r, where T < m 
and r < n, is given by A+ = C+(B+AC+)-'B+ (Pearson 1974). 
Here B is any m*r matrix of independent rows and C is an r.n 
matrix of independent columns. C+ and Bt can be calculated as 
described above. To implement this procedure, a routine to 
calculate the rank of F ,  and F e  and identify the independent 
columns and rows is needed. 

Through the use of the theory of generalized inverses, the 
workings of the estimation Eqs. (5) and (6) are brought clearly to 
light. That is, !he parameters are first estimated by a least 
squares technique. The estimated parameter values are inde- 
pendent of the estimates of the adjustment to the measured data 
to the extent that Fi  - F,(Zi - 2,) approximates F(Z0, 8i). Then, 
once the least squares fit of the parameters is obtained, the 
measured values are adjusted such that the weighted sum of the 
adjustment is minimized. An improperly specified variance- 
covariance matrix of the measured values or an improper model 
used as a constraint can lead to inappropriate adjustment of 
affected data values. 

COMPUTATIONAL ASPECTS 

Problems ofpractical interest can easily reach a size such that 
the solution of Eqs. (5) and (6) requires a significant amount of 
computing time on even the largest machines. Computing time 
per iteration will increase, as a rough guide, as the cube of the 
number of variables. Here the nature of the iterative process is 
explored with the aim of developing an efficient algorithm for 
computing nonlinear problems. 

Defining E' = RFT@[I - F , B ' ] ,  B' = (F$QF,)-'F$(I, E = 
E'F,, and B = B'F,,  Eqs. (5) and (6) become 

and 
eitl - 8, = - B ' F ~  + B(Z~ - z,) 

Zit1 - Zo = -E'Fi + E(Zi - Z") 

(7) 

(8) 

Eqs. (7) and (8) can be solved in a straightforward manner by 
using p of the constraints to calculate 8, and then evaluating the 
estimation matrices B ' ,  B ,  E ' ,  and E always using the latest 
estimates of Z and 0, and iterating until the estimated data no 
longer change. Most of the computation is involved in recom- 
puting B ' ,  B ,  E ' ,  and E each time new vectors Z and 8 are 
calculated. Another approach is to converge to an approximate 
solution using values of these matrices developed from mea- 
sured data. Then the procedure, which we will refer to as the 
constant direction approach, is repeated, after re-evaluating the 
estimation matrices. Calculations can be continued in this man- 
ner until no further change is found in the estimated data. 

Application of the constant direction algorithm can be consid- 
erably simplified through the use of the identities 

E E  = E ,  E E '  = E ' ,  BE = BE' = 0, E'FBB' = E'FBB = 0 

which can be verified by direct computation. Applying Eq. (8) 
for k steps gives 

k 

Z k + l - Z O = - E ' C F j  
J=O 

or 

Zk+l - Zk = -E'Fk 

where we have used the identities E E  = E and EE' 
find, using the fact that B E  = BE'  = 0, 

& + I  - 0, = - B ' F k  

In  comparison with Eqs. (7) and (a), Eqs. (9) or (10) and (11) are 
simpler to program, require less storage, and usually will re- 
quire less than half of the multiplications per iteration. 

Suppose that the constraints are satisfied after k trials. At this 
point, the estimation matrices can be re-evaluated. Renumber- 
ing point k as point 1, Eqs. (7) and (8) can be used to evaluate Zz 
and 82 with F ,  = 0. For subsequent iteration it can be shown, 
using Eqs. (7) and (8) repeatedly for k steps and applying the 
above identities, that Eqs. (9) or (10) and (11) can be us<;d for 
:ubsequent iterations, i.e. with k > 1, to converge to new Z and 
8 vectors. Each time new estimation matrices are evaluated, the 
direction of the search is refined such that drd is minimked. 4 
check to see if drd is no longer decreasing significantly as Z and 8 
are refined is a useful criterion for convergence. 

The constant direction algorithm can thus he summarized as 
follows: 

1. Evaluate 00 by some technique such as rough guesses or by 
finding a 80 vector which satisfies p of constraints exactly. Set Z1 
= 20, 81 = Ho and k = 1. 

2. Evaluate successive estimates of Z and 8 using Equations 
(10) and (11) until the sequence converge? to F(Z,H) = 0. 

3. Re-evaluate E ,  E ' ,  B ,  and B' using Z and 8 from step 2. 
4. Check to see if 8 d  has bcen reduced significantly. If no, 

5.  Set Z = Z,, 8 = O I ,  and i = 1 and evaluate Z 2  and 8, using 

6. Set k = 2 and return to step 2. 
Because of the effort required to evaluate E ,  E ' ,  B ,  and B' 

each time new estimates o f 2  and 8 are produced, it is likely that 
the constant direction algorithm, implied by Eqs. (9) or (10) and 
(11), will usually be  more efficient than straightforward compu- 
tation based on Eqs. (7) and (8). It is, however, impossible to 
state that this or any single algorithm is always most efficient is 
solving the general class of nonlinear problems. Further, the 
degree of stability of neither algorithm has been addressed. The 
nature of changes in the vector Fi from iteration to iteration can 
he observed and, ifstability is a problem, the adjustments Zi+l - 
Zi and ei+, - 0i can bc modulated by a factor between 0 and 1. 
Other, more sophisticated techniques for dealing with in- 

calculatioTs are complete: if yes. proceed with step 5 .  

Eqs. (7) and (8). 

es have been described (Himmelblau 1970). 

ERROR STRUCTURE OF THE ESTIMATED QUANTITIES 

An important motivation for applying data analysis and cor- 
rection techniques is the availability of a more accurate set of 
measurements and parameters which satisfy the constraint 
equations. The error structure of the estimated quantities is 
important for subsequent use of the data. Further, hypothetical 
runs simulating data obtained from a given experiment can be 
used to decide if a worthwhile increase in accuracy would result 
from either making certain measurements more accurately, or 
through measuring additional pieces of data so that additional 
constraints can be imposed on the data set. This application 
compleinents the results of Draper and Hunter (1966) through 
which experiments are designed in sensitive regions for effec- 
tive estirnation of parameters. 

To derive the necessary relations, following Britt and Leucke 
(1973), we expand the constraints about th_e true %ohtion vectors 
for the measured data and parameters, Z and 8, respectively. 
We find, analogous to Eq. (3), 

F 2 ( i  - 2 0 )  i F e ( 8  - 8,) = F , ( Z  - Z,) (12) 

and we have from Eq. (7), - 
(13) 8 - 6 = - B ' F , ( Z o  - 2) 

and from Eq. (8), 2 - Zo = E ( Z  - 2,) 
or 

2 - 5 = ( I  - E ) ( Z ,  - i) (14) 

Hence the variance-covariance matrix for the c@ytt:d param- 
eters is calculated from the expected value of (8 - 8)  (0 - $''as 
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EU {(a - 6) (8 - 6)') = B'F,RFTB'T = (F'$QF,)-' (15) 

as obtained by Britt and Leuke (1973). 

matrices of interest are 

Eo { (2  - i) (2 - $3 = R - RFFQF,R 

By the same method, results for other variance-covariance 

+ R F Z ' O F ~ ( F ~ C > F ~ ) - ' F ~ Q F , R  (16) 

- RF,TQF,(FT,QF,)-IFT,QF,R (17) 

Eo {(? - Z,) (2 - Z,)? = RF,TQF,R 

and the purely covariance matrices 

E o  { (? - Z) (Z ,  - Z)') = Ec { (2 - 2) (2 - Z)') (18) 

Ez; { (8 - 6)  (2  - i)'> = - (FBTQFB)-lFBTQFzR (19) 

E u  { (8 - e) (Z, - Z)') = E u  { (8 - e) (2 - Z)} (20) 

Note from E-qs.Jl6) a_nd (17), that Eu { (2 - Z,) (2 - Z,)') = R - 
Ec { (Z - Z) (Z - Z)? and hence that 

This result can be used together with the chi-square test de- 
scribed later to spot any gross errors in_the measured data by 
comparing the size of the adjustment, Z - Zo, with the esti- 
mated standard deviation of the adjustment. The diagonal ele- 
ments of the matrices calculated in Eqs. (15) and (16) describe 
the variance of the parameters and of the adjusted data. One 
finds, in general, that d2 - 2 <2zo - 2. Even though R may be  a 
diagonal matrix, covariance among the adjusted values of Z is 
introduced as a result of the analysis. This is often an important 
factor in compiiting the variance of functions of adjusted data. 

For example, in analyzing heat and material balances around a 
simple distillation column, errors in the distillate rate D and the 
bottoms rate B will tend to have a negative correlation 
coefficient. Consequently, errors in the function D/B will often 
be significantly larger than would be inferred if only the variance 
of the adjusted values of D and B were taken into account. 

USE OF ERROR MATRICES IN EXPERIMENTAL DESIGN 

As an example of the use of these matrices in experimental 
design, consider an adiabatic flash: The feed, F1, vapor product, 
F z ,  and liquid product, Ff, are each measured in gm/hr units. 
With these data, only the constraint F1-Fz-FB = 0 can be 
written. If the variance of each measurement is 1.0 gm2/hf and 
there is no covariance, we find from Eq. (16), 

.67 .33 .33 
E u  { (2-i) (2-Z)q = .33 .67 -.33 

.33 -.33 .67 

By applying the data analysis techniques, one third of the vari- 
ance in the flows can be removed. 

Now suppose that the temperatures of the three streams can 
also be measured, each with variance 1.0"C2, and that there is no 
covariance between the measurements. If the specific heat of 
the liquid streams is 0.60 cal/gm"C and the enthalpy of the vapor 
stream is (39 + .3Tz) cal/gm"C, we can write the heat balance 

0.6F1T1 - (39 + 0.3Tz) F z  - 0.6F3T3 = 0 

In addition, a third constraint, Tz - T3 = 0, can be written, 
because streams 2 and 3 are in equilibrium. We find for F, 

1 -1 - 1 0 0  0 
.6T1 -(39+.3T,) -.6T3 .6F1 -.3Fz -.6F3 

0 0 0 0 1 - 1  
where the columns correspond to F1, 'Fz,  FY, TI, Tz, and T3. 
Taking nominal values of these quantities as 10, 8, and 2 gm/hr 
and 100, 80, and 80°C we find from Eq. (16) 

.54 .44 .17 -.11 .03 .03 

.44 .45 -.01 .21 -.06 -.06 

.03 -.06 .10 .06 .48 .48 

.03 -.06 .10 .06 .48 .48 
The columns and rows correspond to F1, F z ,  F3 T ,  T2,  T3.  The 
advantage over the previous case is that the variance of the three 
adjusted flows has been reduced to 0.54, 0.45, and 0.18 vs the 
values of .67, .67, and .67 when only the mass balance was 
imposed on the data. Covariance introduced in the adjusteddata 
is evident in both examples. This technique is straightforward, 
and the additional measurements enhance the accuracy of the 
adjusted data set. 

TEST FOR INTEGRITY OF THE MEASURED DATA 

Discrepancies in the constraints as calculated from the mea- 
sured data reflect error in the measurements themselves. By 
obtaining the expected distribution of error in the constraints, 
we can infer whether or not the error in the measured data is 
consistent with its variance-covariance matrix, R In this man- 
ner, the likely presence of aberrant data can be checked before 
carrying out the data adjustment calculations. A multivariate 
chi-square test is proposed for this purpose. Other tests which 
are helpful in pointing to aberrant data are suggested. 

Applying Eq. (4) to the first iteration and rearranging gives 

As noted previously, f(Z,,O,) is distributed approximately as 
N ( 0 , l ) .  Hence the scalerfrfhas a central chi-square distribution. 
Eq. (11) is used to evaluate 0, and, as noted in deriving the 
estimation equation, this vector of parameter values minimizes 
JZ,, 0,) 'f(Z,, OJ. Returning to the original variables, we find 
F(Z,, O1)T QF(Z,, 0,) -2 nz.,,. The indicated rn-p degrees of 
freedom of the chi-square statistic arise because p parameters 
have been estimated from the data. 

This statistic can be used to test the null hypothesis thatJZ,, 
O,)---N(O,I) at a selected level ofconfidence. If the test is passed, 
the analysis can proceed with some assurance that the resulting 
error estimates on the adjusted data, and parameters will either 
be accurate or conservative. 

If the test is failed, the error in the measured variables, Zo, is 
inconsistent with the variance-covariance matrix, R, at the level 
of confidence selected for the test. This can mean either that one 
or more of the measurements are blunders, or that the variances 
used for the measured data are too small. 

The chi-square test, in addition to being applicable before 
completing possibly unwarranted data adjustment calculations, 
is multivariate and is apt to be more powerful than others such as 
the test on 2 (&) - Zo (j))/uj (Nogita, 1972) 

J=1 

The m tests onf(Zo,Ol), based on the univariate normal distribu- 
tion, can also be applied before data adjustment. They are useful 
in spotting possible blunders if the measured variables affect the 
discrepancies i t  a readily discernable pattern. Finally, the n 
tests based on (2"' - Z~j) ) /c~of i~-zoo~j  = 1, n ,  and the univariate 
normal distribution, can be used to locate aberrant data. They 
require that the data adjustment be completed before they can 
be implemented. The necessary estimates of the variances, 
'T;~) ~ zg), can be  obtained from Eq. (21). 

Should the chi-square test on the measured data fail, it is 
likely that the adjusted data and parameters will be calculated 
with error generally greater than indicated by their variance- 
covariance matrices, although a set of data which is consistent 
with the constraints can alwayske obtained. By examining the 
values of F'j'lWFij) and possibly (Zcj' - Z,jd))/u2b)-zob), likely candi- 
dates for blunders can be found. These variables can be con- 
sidered in sequence as parameters, and the chi-square test can 
be recalculated, with appropriately reduced degrees of free- 
dom. The test can be used as a guide for the suitability of 
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TABLE 1. VARIABLES IN EXAMPLE PROBLEM 

0 Mcasured Value 
- 
0.017 0.1858 Zll’ 

0. OFj 4.7935 2 ‘ 2 ’  

Z‘”’ 0.024 1,2295 
P’ 0.2 3.88 

TABLE 2. CHI-SQUARE AND UNIT NORMAL TEST RESULTS 

Unit ”c~rmal 
h1easurrincJnt Discarded 2 Test 

- 

6.8 1.5 
1.0 0.07 
1.6 1.2 
8.4 2.2 

ignoring certain measurement values in further calculations 
with the data set. 

We will iisc the example problem of Ripps (1965) arid Nogita 
(1972) to illustrate the use of the chi-square tests. Table 1 
summarizes the necessary data on the measured quantities. 
There is no covariance in thc ineasurcd data in this example. Thc 
associated constraints are 

0.1 2”’ + 0.6 2“’ - 0.2 Z‘“’ - 0.7 2‘” = 0 
0.8 2”’ + 0.1 2‘2 ’  - 0.2 z‘:” - 0.1 Z‘” = 0 
0.1 ~ ( 1 )  + 0.3 2 ‘ 2 )  - 0.6 z(”) - 0.2 2 ‘ 4 ’  = 0 

The chi-square statistic, FT( )F ,  computed from these data is 
= 8.3. The critical value of at the 95% confidence level is 7.8. 
Hence a null hypothesis that the standard deviations of Table 1 
are consistent with the measured data values is rejected. 

Normalizing the halance discrepancies by thc standard devia- 
tions of the balances as given hy F,RF,T = Q-’ gives no clear 
indication in this case of possibly alierrant data. Considering 
each variable in turn to be  a paraincter, calculating a “best fit” 
value for each Ol using Eq. (ij), the values ofF(Zo,Ol) and finally 
$ = FT(Zo, 6 , )  QF(Z”,Ol) gives the data shown in Tablc 2. Corre- 
sponding values of Nogita’s (1972) test statistic, which has a unit 
normal distribution, are also shown. 

At the 95% confidence level, the critical value of 2 is 5.99, 
and the values k1.96 apply to the unit normal test. The chi- 
square test shows 22 andZ3 to be the possible gross errors, while 
the unit normal test includes Z1, Zz and Z, as possibly being 
problematic. There is no statistical justification for examining 
pairs of variables as possible errors, since two candidates have 
been uncovered by the analysis. 

Measurement 2 has an error of five times its standard devia- 
tion in this synthetic problem. From the chi-square test wc 
would, in a real situation, have to turn to an analysis of the 
experiment itselfor examine other data sets to gain more conclu- 
sive information about the location of the gross error indicated 
by the statistics as being in either 2‘” or Z3’. 

Independent of which statistical test is applied, m - p ( < n )  
facts (constraints) must be used to detect possible gross errors in 
n measured data values. Experience with other synthetic prob- 
lems shows that even statistically rare events such as measure- 
ment errors of two or thrce times their standard deviation are 
not reliably detected by even the chi-square test, although it 
performs better than univariate tests. The problem of detecting 
errors becomes more difficult as the ratio of data items to the 
number of constraints less parameters increases. 

In any case, it will be preferable to associate a physical expla- 
nation with any indicated aberrant results before discarding data 
by relegating them to the status of parameters. Statistically rare 
combinations of measured values could wrongly infer an aber- 
rant value, as could an incorrectly specified variance-covariance 
matrix of the measured values. Further, the use of an incorrect 

model as aconstraint, such as a second-order kinetic model used 
)n data which, in fact, follow first-order kinetics, could lead to 
he wrong conclusions about data credibility as well a s  giving 

improperly adjusted data values. 

NOTATION 

B‘ 
B 
d 
E’ 
E 
Ev 
f 
F 
F ,  

FR 

in 
n 
P 

0 
R 
Z” 
Zi 
.2 
Z 
00 
8 
H’ 

- 

= ( F,’(>Fo)- FRTQ 
= R’F; 
= reduced acljustment to measured data, n-vector 

RF,TQ[Z- FOB ’1 
= E‘F,  
= expected value 
= reduced discrepancies in the constraints, n-vector 
= discrepancies in constraint equations, rn-vector 
= m.n matrix obtained by differentiating the constraint 

equations with respect to the measured data values 
= m.p matrix obtained by differentiating the constraint 

equations by the parameters 
= number of constraint equations 
= number of measured data values 
= number ofparnmetcrs to be estimated from the mea- 

= (F,RFa-’ 
= variance-covariance matrix of data values, n.n 
- measured data values, n-vector 
= i th estimate of data values, n-vector 
= final estimate of data values, n-vector 
- true data values, n-vector 
- i th estimate of parameter values, p-vector 
- final estimate of parameter values, p-vector 
- true values of parameters, p-vector 

sured data and constraints 

- 

- 

- 

- 

- 

Subscript 

i - 
- iteration counter, i=O implies measured valucs or 

initial estimates in the case of parameters. 

Superscript 

HO) = j th element of vector H 
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